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Abstract. Manifold learning aims to discover and represent low-dimensional
structures underlying high-dimensional data while preserving critical topological
and geometric properties. Existing methods often fail to capture local details with
global topological integrity from noisy data or construct a balanced dimension-
ality reduction, resulting in distorted or fractured embeddings. We present an Au-
toencoder-based method that integrates a manifold reconstruction layer, which
uncovers latent manifold structures from noisy point clouds, and further provides
regularizations on topological and geometric properties during dimensionality re-
duction, whereas the two components promote each other during training. Exper-
iments on point cloud datasets demonstrate that our method outperforms base-
lines like t-SNE, UMAP, and Topological Autoencoders in discovering manifold
structures from noisy data and preserving them through dimensionality reduction,
as validated by visualization and quantitative metrics. This work demonstrates
the significance of combining manifold reconstruction with manifold learning to
achieve reliable representation of the latent manifold, particularly when dealing
with noisy real-world data.

Code repository: https://github.com/Thanatorika/mrtg.

Keywords: Manifold Learning, Topological Deep Learning, Geometric Deep
Learning.

1 Introduction

1.1  Background

In the area of manifold learning, or nonlinear dimensionality reduction [1], one foun-
dational assumption is the so-called "manifold hypothesis™: high dimensional data tend
to locate near a latent low-dimensional manifold [2]. One major task of manifold learn-
ing is to explicitly transform or embed high-dimensional noisy data into low-
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dimensional spaces, while keeping the topological and geometric properties of the un-
derlying data manifold.

Several manifold learning methods, including t-SNE [3] and UMAP [4], use the
neighborhood of a data point to approximate its tangent space, thus keeping some local
structures of neighboring data points. However, these methods do not explicitly regu-
late the global topology of the latent manifold, and their embeddings are often fractured
as clusters. To address this, Moor et. al. [5] introduced Topological AutoEncoders,
which preserve the global shape by incorporating a topological regularizer, although
local structures still experience distortion or stretching. Also, because of the noise in
the raw data, directly applying manifold structural constraints can mislead the regular-
ization terms in the dimensionality reduction process.

1.2  Contribution

In this paper, we propose an AutoEncoder [6] equipped with a manifold reconstruction
layer, a topological regularizer, and a geometrical regularizer to achieve improved man-
ifold reconstruction and representation. We use the manifold reconstruction layer to
transform data points to the latent manifold, by contracting a point to the expected di-
rection and distance of the closest point on the latent manifold, then we use the Auto-
Encoder network to learn a low-dimensional latent representation, and utilize the en-
code-decode loss with topological and geometrical regularizers to optimize the repre-
sentation quality. As the training is conducted in an end-to-end manner, the hyperpa-
rameters for the manifold reconstruction process will also be optimized, resulting in a
mutual-promotion between the manifold reconstruction and representation compo-
nents.

2 Related Work

2.1 Reconstructing the latent manifold.

Manifold fitting is a challenging problem in manifold learning, and it aims to recon-
struct the smooth latent manifold from a data set that lies on or near it in the ambient
Euclidean space. Early manifold fitting approaches [7, 8] tackle noise-free samples with
the Delaunay triangulation technique [9]. Recently, Fefferman et al. [2] validated the
feasibility of manifold fitting under noise and proposed their own algorithm [10-13].
Genovese et. al. also provided a series of works from the perspective of minimax risk
under Hausdorff distance [14, 15]. An alternative approach is FlatNet by Psenka et al.
[16] which flattens the noisy data points can reconstruct the manifold with linearized
features. The state-of-the-art manifold fitting algorithm proposed by Yao et al. [17]
features local contraction of noisy data points to an estimated direction.
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2.2 Topological Regularization

Homology is one of the most important topological invariants, and is a natural target
for classifying manifolds. The prevailing method to obtain the homology of a point
cloud is Persistent Homology [18], which can be computed as a Persistent Diagram.

Moor et al. [5] proposed a "Topological Autoencoder"” with a topological signature
loss, which computes the difference between persistent diagrams of the data set and the
latent embedding, thus encouraging the latent embedding to have the same topological
or global structures as the original point cloud.

Besides the topological signature loss, there are also other methods to extract and
compare topological properties of point clouds, including Representation Topology Di-
vergence (RTD) [19, 20] which modifies the computation of the persistent diagram,
and Euler Characteristic Transform (ECT) [21, 22] which is a generalization of the Eu-
ler characteristics.

2.3 Geometric regularization

An isometry between Riemannian manifolds preserves the Riemannian metric, and thus
is an equivalence up to geometric properties. By encouraging the mapping to approxi-
mate an isometry, one encourages the embedding not to be stretched or distorted, but
keeps the geometric or local structures near each point.

The approximation is done by optimizing the Jacobian matrix of the mapping.
Philipp et al. [23] proposed a "Geometric Autoencoder” based on a generalized Jaco-
bian determinant, and Lee at al. [24] achieved similar results by a coordinate-free re-
laxed distortion measure. Hahm et al. [25] promoted the relaxed distortion measure to
Latent Diffusion Models.

3 Methodology

Due to the limited capacity and interest of the paper, we will omit most of the math
derivations in this section. A more self-contained and detailed formulation of the math
notions can be found in references [5, 26, 27].

3.1  The Model Pipeline

The whole model is composed of a Manifold Reconstruction Layer (MRL), an Encoder
and a Decoder, as depicted in Figure 1.

The training loss function is the Autoencoder loss between input data and decoded
output, so the MRL is integrated in our training optimization. Note that we do not com-
pute the loss between the reconstructed manifold and decoded output, otherwise the
representation process will totally subject to the quality of the reconstructed manifold.
In addition, two training regularizers are computed between the reconstructed manifold
and the embedding, encouraging the preservation of local and global structures in the
dimensionality reduction process.
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where A4g, Aeopo » AN Ageorm are predefined hyperparameters, and X, Y, Z, X de-
notes the input noisy data set, the reconstructed manifold, the low-dimensional embed-

ding, and the AutoEncoder output result, respectively.
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Fig. 1. (a) An illustration of our model pipeline, (b) an illustration of our manifold reconstruc-
tion algorithm, (c) an illustration of the topological regularizer based on persistent homology,
(d) an illustration of the geometric regularizer based on scaled isometry.

3.2

Assumptions on the data distribution

In this paper, we treat our data as i.i.d. points residing on a latent manifold M with
extra Gaussian noise &, and the manifold is regarded as a sub-manifold of Euclidean
space RP. The set of data points X < RP can be written in the form of

x=xy+&VxeX,

Where x),~w3, and E~¢,. Here wy, is uniform distribution on M, and ¢, is Gauss-
ian distribution with standard deviation . The probability distribution can be written
as a convolution



Latent Manifold Reconstruction and Representation 5
v(x) = [, 0 ()P (x — t)dt. ©)

3.3  The Manifold Reconstruction Layer

We aim to develop an estimator for the latent manifold M using the data sample set X.
Then for each x € X, we employ a two-step procedure: (i) we identify the contraction
direction, and (ii) we estimate the contracted point.

Determine the contraction direction. Suppose x* = argminy, e ||x — xac|l. We
consider a D-dimensional ball By, (x, 1) with radius ry := Cyo, where C, is a given
constant. We can estimate the direction of x* as F (x) = Y.a;(x)x;, and the weights ;'s
are given as

llx — x;115
@;(x) = (1 _? , ly = willz < 7o;
0, otherwise,
7 ~ & (x)
a(x) = Xier, (%), a;(x) = £ 4)

@(x)

where I, is the set of indices for data points x; € X N By (x,1,), and k > 2 is a fixed
integer guaranteeing a twice-differentiable smoothness.

Determine the contracted point. We consider a cylinder region V,, = By_, (x, 1) X
—~ - _\T
B, (x,1y) withry := Cyo and r, := C,0 /log (l). We let U = W
o [1F G -xI[,
data point x; € V,. (j € J,), we define u; = L7(xj —X), vj = x; — x — u;. Then we can
get an estimation y = G (x) = }B;(x)x; with weights given as

. Fora

T
Lyl <725
2\ K T .
w, () = (1 (=Y iyl € G
T2
0, otherwise,

TR}
(o =4 (1) I, <

0, otherwise

Ej(x) = Wu(uj)Wv(vj): E(x) = Zje]x.gj(x)' .Bj(x) == )

The MRL has four hyperparameters: initial values of radii ry, 17, 75, and a smoothness
parameter k, affecting the computation of contraction directions and weights of the
transformation matrix of each data point. An illustration of the process is shown in
Figure 1. For more details please refer to [17].
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3.4  The Topological Regularizer.

Persistent diagrams. Persistent Homology (PH) is computed first by constructing a
Vietoris-Rips complex. Given a distance scale €, the Vietoris-Rips complex of X, de-
noted by . (X), contains all simplices (i.e. subsets) of X whose elements have mutual
distances smaller than or equal to €. Vietoris-Rips complexes form a filtration,
i.e. X, € XK, for €; < €,. With this quality, we can track changes in homology
groups of Vietoris-Rips complexes as e increases from 0. In the increasing process, the
connectivity among points in X changes accordingly, and each connectivity state has
"birth and death times" denoted by two values (a, b) of e. We can track the creation
and destruction of n-dimensional topological features in a diagram D,,, called the n-th
persistent diagram.

The topological signature loss. In our method, the PH information of X is stored in a
tuple( DX := {Dy, Dy, -+ }, m¥ = {my, my, - }), Where the first component is the persis-
tent diagrams, and the second component is the persistent pairings composing of pairs
of edges (e, e') that each create or destroy a topological feature (a, b) € D,, when they
are newly connected as € increases.

The values of the persistent diagram can be retrieved by subsetting the mutual dis-
tance matrix A¥ of points in X with the edge indices provided by the persistent pairings,
written as

A*[n¥] = {(lel, le']), v (e, e") € m*} € RA{|m¥|}. (6)

For the manifold Y and embedding Z, we define a topological signature loss of two
terms, each denoting the loss measuring the changes of topological features in one of
the two Vietoris-Rips complexes compared to those in the other:

1 1
Ltopo = Lyoz + Lzoy =5 A7 [n"] = AZ[n?]11? + S 1A% [n?] — A" [=”]]|%. ()

A lower topological signature loss means the topological features are better shared be-
tween the manifold Y and embedding Z.

3.5  The Geometric Regularizer

Scaled isometry. As its name suggests, the relaxed distortion measure indicates the
degree of distortion of a mapping compared to a scaled isometry. Let M be a Riemann-
ian manifold of dimension m with local coordinates x € R™ and Riemannian met-
ric G(x) € R™™ and V' be a Riemannian manifold of dimension n with z € R™ and
H(z) € R™™", Let f: M — IV, then its differential is denoted by the Jacobian matrix

Jr(x) :Z—i(x) € R™™ . f is said to be a scaled isometry if it meets G(x) =
Clr)TH(f (x))Jf(x), Vx € R™, for a constant C. An illustration is in Figure 1.
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Relaxed distortion measure. At a point x € M, we consider the characteristic values
of the pullback metric ];H]f relative to G, i.e. the m eigenvalues A,--, 4, of
Jr()TH(f ()] (x)T G~ (x). These eigenvalues are invariant under coordinate trans-
formations, and let S(4,,++,4,,) be any symmetric function, the integral Js(f) =
Joe S(A1(), -+, A (x))dpu(x) is also coordinate-invariant. Here u is a positive meas-
ure on M.

Here we design a family of coordinate-invariant functionals F that measures how
far f: M — IV is from being a scaled isometry over the support of u:

FO =L < b <fM s(fll(xxlf-(.ﬁn(x))du(x))) apo), ®)

where h is some convex function and S is some symmetric function. With this given
functional, we can calculate and minimize the relaxed distortion measure of our encoder
function.

The geometric regularizer is given by

2

D
A (y)
Lgeom = T(fe; P¢>) =E,.p — Y T 1
¢ ; ]Ey~P¢ (lelll()_y)>
- p2 EV~P¢(TT(H§(3'))) _

- Ey~pg (TT(He (y)))2

©)

where fz: RP > R4, y & z is the encoder function, Py is the distribution of Y in

RP: y~ Py, ; (y) are eigenvalues of Ho(y) = Jf, 0)H(fy ()], (). Here H(z) is
the metric assigned to some data point z € Z in the embedding, and Hy (y) is the pull-
back metric assigned to the corresponding y € Y in the reconstructed manifold.

4 Experiments

41 Datasets.

In this paper, we implement our method on Euclidean point cloud datasets to validate
our approach for manifold representation learning. Datasets include a noisy 3D Swiss
roll manifold with a hole, produced from the dataset in Scikit-learn [28]; a noisy 3D
mammoth dataset, produced from the mammoth dataset shown in the "Understanding
UMAP" project [29]; a 100-dimensional spheres dataset from the "Topological Auto-
encoder" paper [5]; and a subset of the 3D point cloud dataset PartNet [30].

4.2  Baselines

We train the following baseline manifold learning methods on the datasets, and com-
pare their performance with our method by showing the 2-dimensional embedding
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shapes, and evaluating with dimensionality reduction benchmarking metrics adopted
from [5, 23].

A vanilla Autoencoder and a Topological Autoencoder are trained with the same
input data, model structure, loss function, and learning rate as our model.
Standard PCA, t-SNE, and UMAP models fit-transform the same data as our model,
all with default parameters.

Table 1. Local and global metrics for our method and manifold learning baselines. PartNet
scores are averaged over 12 objects. Exponential digits in scientific notations are omitted. Bold
values are winners, and underlined are runner ups.

Dataset Model Local Global
KLo.(V) KNN(t) Trust(?) KLigo(t) RMSE(V)  Spear(t)
Ours 2.19 4.69 8.98 1.12 2.55 7.60
AE 3.07 417 8.84 1.13 2.56 7.41
Swiss roll  Topo AE 2.90 5.34 8.79 111 4.07 7.59
t-SNE 2.95 8.27 9.98 2.68 503 4.79
UMAP 3.20 7.80 9.96 4.77 114 2.50
Ours 2.15 4.93 9.61 1.03 1.63 9.76
AE 21.6 2.05 9.38 4.25 1.38 7.62
MM oA 294 4.96 9.65 1.75 1.21 9.64
™ eNe 275 7.3 9.98 1255 871 8.13
UMAP 10.9 6.62 9.97 8.52 149 8.51
Ours 8.18 5.40 9.24 6.02 3.44 8.81
AE 18.8 5.08 9.25 16.8 10.1 8.24
PartNet  Topo AE 18.3 5.43 9.32 15.6 2.21 8.61
t-SNE 16.5 7.85 9.96 118 526 8.76
UMAP 16.0 7.50 9.94 13.0 93.8 8.58
ours 4.78 1.76 5.78 10.1 2.81 -1.85
AE 4.90 2.23 6.18 9.28 6.48 27.7
Spheres Topo AE 3.97 1.53 5.64 9.12 2.82 5.21
PCA 7.49 2.16 6.28 154 2.31 3.45
t-SNE 5.95 3.50 7.33 12.7 1.43 7.38
UMAP 6.17 gﬂ 6.83 14.2 2.40 4.26

4.3  Architecture and training

For 3D point cloud data, we build our AE model with a "3-2-2" encoder and a "'2-2-3"
decoder, with GELU [31] activations. For spheres data in the 101-D space, the model
has a "101-64-32-16-8-4-2" encoder and a "2-4-8-16-32-64-101" decoder. MRL hy-
perparameters are (ry, 11,72, k) = (1.0,0.01,1.0,3) for all experiments. The loss term
weights (A4gAtopor Ageom) are (1,1,5) for the Swiss roll dataset, (1,0.5,0.5) for the
mammoth dataset, (1,0.01,0.01) for the PartNet dataset, and (1,1,1) for the Spheres
dataset. The Autoencoder loss is set as the MSE loss between the model input and out-
put.
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4.4  Evaluation

We adopted the evaluation metrics from [5, 23] for measuring the similarity of local
and global structures between the original point cloud and the embedding. The metrics
are separated into two groups: KL, ;, KNN and Trust are local metrics, while KL, ,
RMSE and Spear are global metrics.

In Table 1, we can see that our method keeps a balance between local and global
structures. Worth noting is that in most of the metrics rankings, our model outperforms
Vanilla AE.

4.5  Visualization

(a) Noisy 30 mammoth point cloud (b) Ours. (c) Vanilla AE (d) Topo AE (e) t-SNE (f) UMAP

| "t U
3 AP Y. 37
L/ “ \f AL %\ &, \
’ N R 3-8 t-
2 *\g [N W { \ m
"'».,,\\m \ \ \ \
(g) Noisy 3D swiss-roll with a hole (h) Ours (k) t-SNE (1) UMAP
o o~
\
AY
Y
fomz KW
R N X
sy L% WAy
G "
“ox ¢
o JEp—— este (s
& &
| B % ¥ %
4 '5""
g § 3 ]
y 3 ”
55 i (v) Vanilla AE (w) Topo AE (x) t-SNE (y) UMAP
{t) artNet point clou
PR FEEN
& &N
1S S ¢ % %
ol | £ 8% A
o b an i )
§F = jl; £18 Y [
Vi %
y ‘

Fig. 2. Our proposed method best preserves global and local structures of the latent manifolds
underlying noisy data. The Spheres dataset is composed of nine 100-dimensional spheres in
101-dimensional Euclidean space, where eight small spheres are located inside a large sphere.
The PartNet dataset is composed of 12 distinct 3D point clouds, each indicating a real-life ob-
ject. The points on an object are labeled by a ground truth semantic segmentation, where differ-
ent colors indicate different "parts"” of the object.

We can see that Vanilla AE reduces the manifolds as a whole to 2D space, but the
embeddings lost many details (two tusks of the mammoth, the hole on the Swiss roll,
and spreading tails of the rocket), and are heavily distorted. The Topo AE embeddings
keep their global shape, but their local structures are ignored, as embeddings are
"folded" into 2D space, producing non-stereoscopic self-covering embeddings. T-SNE
and UMAP embeddings primarily focus on local structural information, while the
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manifolds are torn apart with unrecognizable global shapes. Our proposed method
keeps the most local and global shape details, and preserves the proportions of the man-
ifold not distorted or torn apart, thus leaving a stereoscopic representation of the point
cloud.

5 Ablation Study

To validate the necessity of our model ingredients, we perform an ablation study on the
model pipeline with the Swiss roll dataset. We compared the performance of ablated
models as:

¢ Final model: Manifold Reconstruction Layer + Autoencoder + two regularizers;
e Topo AE: Autoencoder + Topological Regularizer;

o Geom AE: Autoencoder + Geometric Regularizer;

e Topo-geom AE: Autoencoder + two regularizers;

¢ MR AE: Manifold Reconstruction Layer + Autoencoder.

Evaluation metrics are shown in Table 2. In the "Point Cloud vs Manifold" group of
the table, our model beats MR AE in all the metrics, indicating that the representation
component (the Autoencoder) improves the performance of the Manifold Reconstruc-
tion Layer during training. Our model's performance in "Manifold vs Embedding" also
exceeds Topo-geom AE's in "Point Cloud vs Embedding" in four out of six metrics,
which means the reconstructed manifold discovers local and global properties out of
the noisy point cloud, which can be more easily carried to low-dimensional space under
the same dimensionality reduction method.

In summary, the manifold reconstruction and representation regularization compo-
nents are both virtuous in our implementation, and they promote each other's perfor-
mance during the training optimization, "clearer answers are easier to be written down
with the same pen, and clearer writing can improve scores earned by the same answer",
as we previously claimed.

6 Limitations and Future Directions

Supervision of Manifold Reconstruction. The Manifold Reconstruction process alters
the data, while the Autoencoder faithfully embeds its results. In our implementation,
we improve the MRL's performance through the encode-decode feedback, but this may
not be a sufficient supervision, and the learning process could be unstable. In the future,
we aim to come up with better ways to supervise the manifold reconstruction process.

Non-Euclidean data. When dealing with data types other than point clouds in Euclid-
ean space, we need to modify our manifold reconstruction method: if the coordinate
axes are correlated, we need to first orthogonalize them; when the data are sequential,
we need to integrate the sequence information into our distance function; and if we have
external labels for data points, we should learn a distance metric with them.
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Table 2. The evaluation metrics of our ablation study. Evaluation and comparison are con-

ducted in three groups: (1) Noisy point clouds versus low-d embeddings, (2) reconstructed

manifolds versus low-d embeddings, and (3) noisy point clouds versus reconstructed manifolds.
Bold values indicate winners from each group, and underlined are winners from the comparison

between Topo-geom AE in "™ and the Final model in "Manifold vs Embedding".

Test  Model Local Global
KLo1(V) KNN(1) Trust(?) KLjgo(¥) RMSE(}) Spear( 1)
Final 1.95 5.37 9.03 9.69 3.56 7.75
AE 2.54 5.03 9.02 13.3 11.9 6.98
- Topo AE 2.67 5.25 8.88 9.80 4.05 7.84
"7 Geom AE 244 5.08 8.93 8.39 4.05 7.93
T-G AE 2.67 5.30 8.85 9.62 4.06 7.83
MR AE 2.78 4.61 8.82 13.9 1.72 7.13
Final w % w 1.02 ﬁ 7.74
MWE  RAE 216 2.05 9.38 4.25 1.38 7.62
Final 1.39 8.92 10.0 8.56 2.54 9.93
POVSM  pae 278 461 8.82 139 17.2 7.13
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